Abstract: Morphometric approaches deal with obtaining quantitative parameters of relief forms. In particular, such parameters can be used for the classification of diverse relief forms. There is a noticeable demand for such approaches in geosciences. For example, the differentiation of valley forms belongs to the research field of geomorphology. A valley form includes important information with respect to the valley genesis. It is assumed that the U-shape probably corresponds to a glacier-induced valley, but the V-shape reflects the fluvial genesis of a valley. A prior generalisation of valley cross-profiles is necessary in order to obtain their morphometric parameters. These parameters contribute to the valley differentiation. The conventional generalisation approaches are based on the approximation of such cross-profiles using a special function. This function can be a catenary curve, a special polynomial or a set of polynomials. An alternative model is the GPL model. In this paper we propose a new generalisation approach, which uses special orthonormal functions. Based on these functions, form coefficients can be obtained for use in cluster analysis, resulting in the shape classification of valley cross profiles. An application of our approach for a real data set is presented.
Introduction
It is of interest to distinguish between different valley forms in geomorphology since the valley form can provide useful information about the valley genesis Glacial valleys tend to have a shape across the valley that is often described as U-shaped, whereas fluvial valleys tend to be V-shaped [1] . Discharge of active rock glaciers is characterized by strong seasonal and diurnal variations. * E-mail: Olga.Waelder@tu-dresden. de Water derived from snowmelt and summer thunderstorms is quickly released causing floods [4] . Thus, U-shaped profiles are sampled closer to the glacier and V-shaped profiles follow the river. Bedrock lithology and strength can also control the cross profile shape of valleys [2, 3] . The quantified time scale for glacial valley cross profiles evolution in alpine mountains is discussed [5] .
The ideal shape of a glaciated valley is a catenary curve [6] . This curve is a model for a chain supported only at the ends. Conventional models suggested in geomorphologic literature deal with different power law regression. In particular, there are different parabolic regression approaches described [7] . These approximations are car-ried out using usual least squares techniques, e.g [6] . It is obvious that the power law regression contains information on curvature in the value of the exponent: Values close to 1 indicate a linear valley side, whereas values closer to 2 stand for a parabolic shaped fitting curve. Some generalisations of these models for symmetric valleys are suggested [8] . Some authors attempt to consider asymmetric valleys by working with the width and depth of the valley instead of the valley profile [9] . The paper [1] criticised the conventional polynomial approaches and suggested their own generalised models. An approach for asymmetric valleys which is based on three joined functions (a linear function and two power functions) is also suggested [10] The aim of morphometric approaches consists in obtaining some important quantitative characteristics yielding further classification of relief areas. In particular, we can describe a valley using quantitative morphometric parameters extracted from valley cross profiles. These parameters can also be used for valley classification. A prior generalisation of valley cross profiles should be carried out in order to derive such characteristics. The word "generalisation" means here a form simplification or an approximation of real valley cross profiles by a special function.
From a mathematical point of view, one speaks about an approximation, if a given data set (a data cloud) should be described by a sufficiently regular function. Now, the real structure of data remains unknown as before. Because of this, this regular function can only be interpreted as estimator of the real data structure. Additionally, the visual conception as well as the final classification of a valley relating to a U-or V-form is purely subjective and should be modelled by special methods. The question "Where exactly a mountain wall passes over to a valley?" remains unanswered, as before. Attempts to determine this wallto-valley crossing using inflection points of fitting a cubic polynomial to each side of the profile are documented [1] . An alternative method based on the terrace detection using model residuals in our approach is proposed for this purpose.
Describing the test area and sampling
To illustrate the methodology, an example from the mountain region of Altai, Siberia, is discussed. The data studied here comes from the Altai-GIS project (project coordinator Dr. Prechtel, Institute for Cartography, Technical University of Dresden, Germany). The area of interest corresponds to the valleys of the following rivers: Akhan, Akket, Kucherla, Kuragan and Mul'ta. This area corresponds to a planar rectangle with approx. 75 km × 110 km (marked area in Figure 1 ). The mountain Belukha located in the Katun region attains the maximal height of 4 506 m.
The nominated site is located in the Altai Mountains in Southern Siberia on the territory of the Altai Republic, comprising the high mountainous areas of Altai, the headwaters of the Katun and Chulyshman rivers and Lake Teletskoye. The study area consists of three separate areas: (a) Altaisky Zapovednik (872 000 ha) and a buffer zone around the Teletskoye Lake (93 753 The valley form should be analysed from a sequence of valley cross profiles, taken in sequence downstream along the valley. The distance between neighbouring cross profiles is identical for the obtained data set. All profile planes are perpendicularly located with respect to the river direction. The central point of each profile is the corresponding lowest point of the valley. Each cross profile should be analysed by the same approximation method and the obtained parameters should be used for valley classification The valley cross profiles present an ordered, twodimensional set of coordinates. The X-coordinate describes the trend from the "left" to the "right" wall. The Y-coordinate corresponds to real heights in the studied mountain region in [m] . The original data set of val- ley cross profiles is automatically produced in GIS. The dataset could be improved, if the point pairs from the left local maximum and the right local maximum of Ycoordinates were kept for each profile. Subsequently, these profiles are studied using special orthonormal functions. The corresponding U-or V-shaped profiles should automatically be recognised by cluster analysis from the final results. For the purposes of brevity" we denote "a valley cross profile" only with "a profile" in the following text.
Mathematical background
Cluster analysis is a well-known statistical method and an overview of the techniques can be found in [11] . We use the corresponding procedure supported by the statistical software tool JMP. Our clustering is processed based on special form coefficients which are explained in this section. Firstly, we define orthogonal functions which are used for obtaining these form coefficients. A real profile cannot be modelled by a single function. For example, two polynomials are used for this purpose in [1] . The first modelling step aspires to a small number of parameters in order to get a plausible valley classification by the second step. The residuals, the differences between real and model values can be significant for terrace detection. In reality, changes of their sign correspond to locations of possible geomorphic irregularities. The data set consists of coordinate pairs (X,Y). The first coordinate describes the trend from the left to the right wall of the profile. The second coordinate is the height in [m]. In the next step, the approximation functions are chosen. Polynomials are the function class mostly used. Orthogonal and orthonormal polynomials play a special role, c.f. [10] . They can be considered as basis vectors in spaces of functions like usual basis vectors in Euclidian spaces. Any sufficiently regular function f (x) can be divided related to an orthogonal basis of functions
in the interval [a, b] as shown in (1):
with
The following three orthonormal functions in the interval [−1, 1] defined in (2) can contribute to a sufficient U-or V-shape recognition. They are presented in Figure 2 .
Here, we discuss dividing a real profile as it is defined in (1) by the orthonormal basis from (2). We transform the X-coordinates for each profile into the interval [−1, 1]. Firstly, a profile should be centred related to the coordinate X=0 (translation). This is done in the following way:
The location of the lowest (related to Y-coordinate) point of the profiles should be X=0 after this transformation. Secondly, because the left and the right width of profiles around the origin X=0 should be equal for further analysis, the excess point pairs should be removed from the data set. Lastly, we transform the real space of remaining X-values into the interval [−1, 1] (stressing). Let us underline that the X-coordinates are fictive and their value space does not contribute to the U-or V-shape identification. In order to avoid an unnecessary overfreighting of formulae, we denote the transformed coordinates again with X. After this procedure, all profiles can be considered and compared from the same point of view, namely in the same functional space (2). It can be assumed that the accuracy of the final valley form identification increases, if the analysis of its corresponding valley cross profiles leads to the same (or analogous) result. The U-or V-shape can be recognised by comparing the coefficients f 2 und f 3 from (1). These weights should be calculated for each profile Pr(x) consisting of N coordinate pairs (X,Y) applying usual numerical integration techniques like the trapezoidal rule. Applying this rule to (1) we get:
, where
We only use these three functions in (3), because the form coefficients f 1 , f 2 , f 3 can be explained in a plausible way. For a larger number of such coefficients such an interpretation would be difficult. Let us discuss some characteristics of the curve Pr(x) in (4). We insert (2) into (3) for better understanding:
If √ 6f 2 − √ 90f 3 ≈ 0 is true, then the curve from (4) degenerates to a parabolic function. In real applications, the probability of this event is zero. In this case, the identification of the U-shape is simple. The more
≈ 0.26 holds, the more the V-shape can be recognised. However, it is possible that some profiles could visually or subjectively be identified as belonging to the V-shape for Figures 3  and 4 show some original profiles from the Altai area, before any improvements and transformations described above, which are discussed in the next section. Their form coefficients f 1 , f 2 , f 3 and the ratio Q from (5) after improvements and transformations are given in Table 1 . 
The curve (4) has the following derivatives:
and
The negative values in (7) correspond to two maxima, if local extremes exist. Positive values represent two local minima, if they exist. For the case that local extremes exist, the first derivative in (6) is zero. Affected by the symmetry of the curve (6) relating to the Y-axis, the distance d between these local extremes can be calculated as shown in (8):
Using the coefficients from (5) and (8), so called degenerated profiles can easily be identified, c.f. Figure 5 . Mostly, such profiles mirror a joint point of two valleys. In order to recognise non-degenerated profiles automatically, a sufficient limit for our application was chosen corresponding to d < 0.4. We note that a negative value in (8) describes the case that local extremes do not exist. In this case, the V-shape could more probably be recognised depending on the value Q from (5). Finally, this inexact perception of U-and V-shapes should be taken into account and modelled. Aiming this modelling, we apply the following weighting (9) of the coefficient Q from (5): 
where functions from (10) are used:
The weighting (9) helps to distinguish between an absolute U-shape (corresponding to the value zero at the axis W ) and an absolute V-shape (corresponding to the value one at the axis W ). A wide variety of further possibilities of shapes (corresponding to values of W between zero and one) can be modelled by this way, in addition to these absolute, so called ideal theoretical forms. For better understanding, both functions from (10) are shown in Figure 6 for some values of the parameter λ.
The choice of the interval [0.1, 0.26] instead of a single value for the coefficient Q should mirror the subjective perception of the U-and V-shapes (Figures 3 and 4) . By the variation of the parameter λ, different visual strategies can be modelled. Such strategies could emphasize (decreasing values of λ) or damp (increasing values of λ) the U-shape. The coefficients Q and W from (5) and (9) are taken into account for U-or V-classification of profiles by cluster analysis.
In the next section we demonstrate the application of our method for real data.
Case study: valleys of rivers Akhan, Akket, Kucherla, Kuragan and Mult' from the Altai area, and the Kaiserberg Glacier region
A short description of the region and data sampling has been given above. In the previous section, our generalisation/classification method is proposed. Here, we deal with an application of this method for real data. Let us start with data from Altai area.
Firstly, the approximation/generalisation by (4) is calculated for each profile. Using a special filter during numeric implementations, the degenerated profiles could be removed from the original data set. This filter includes some demands related to the mean accuracy of the approximation/generalisation and to the value space of the coefficients (5) and (8 The coefficient d from (8) should be limited by the largest value 0.4 for positive values of f 3 . After this prior filtering, only 74 profiles from the original 160 profiles could be classified as non-degenerated. Some examples of such profiles can be seen in Figures 3 and 4 . An example of degenerated profiles is shown in Figure 5 . Mostly, such artefacts mirror the joint point of two or more valleys. The mean accuracy of approximation/generalisation of the filtered data set decreases immediately up to 37.4 m. The mean coefficient Q from (5) corresponds to 0.12.
In the second step, the coefficient W from (9) for different values of the parameter λ is evaluated for each profile. We note that the values W < 0.5 correspond to U-shaped profiles.
We apply cluster analysis twice. In the first case the coefficient Q from (5) is used. In the second case the clustering is processed based on the weighted coefficient W from (9) for each non-degenerated profile for the Altai test area. We chose λ=0.5, 1.0 and 2.0 in order to demonstrate different visual strategies; either emphasizing (decreasing values of λ) or damping (increasing values of λ) the U-shape. The results of our cluster analysis are presented in Tables 2 and 3. U-shaped profiles belong to cluster 1; Vshaped profiles are classified as belonging to cluster 2. The mean and the variance of the parameters Q and W within both clusters are calculated.
The mixture of these two processes is also possible: a glacial valley can additionally be cut by a river some years later.
The numerical implementation of this approach and the visualisation of the results are carried out with the mathematical/statistical software tools MATLAB and JMP. The software tool for generalisation/classification of profiles based on special orthonormal functions is developed by the author in MATLAB. The final cluster analysis is done using the corresponding procedure included in JMP.
Conclusion
We have shown that our new generalisation approach based on special orthonormal functions from (2) can be considered as a meaningful alternative to conventional approximation methods. It successfully supports geomorphic valley classification based on valley form. Thus, one speaks about glacial valleys, if this classification leads to U-shaped cross profiles and about fluvial valleys, if the cross profiles tend to be V-shaped.
Our approach is based on dividing the valley cross profiles by the orthonormal basis of special functions given in (2). All profiles can be considered from the same point of view by this approach, namely in the same functional space. Thus, the obtained coefficients of a profile can easily be compared with those of another, making the final classification more plausible. A small number of form coefficients is used, based on the similarity of a real cross profile to a basis function from (2), allowing for ease of interpretation.
The form coefficients can be used for prior filtering of data sets, which are automatically produced by GIS-software in most cases. Some artefacts can be removed by this way. Such artefacts can occur for example, if a cross profile is produced close to a joint point of two or more valleys. Additionally, these form coefficients can be taken into consideration in the final cluster analysis.
The subjectivity of visual perception of U-or V-shapes can be modelled by the weighting (9) of the special form coefficients from (5) . The choice of the parameter λ from (10) should be made by an expert from geomorphology, see Figure 6 . The different values of this parameter could be used for modelling a wide variety of weighting strategies: one can emphasize the U-form and damp V-form and inversely.
In our case, the value λ=0.5 presents a good correspondence of final clustering results as well based on Q as based on W , c.f. Table 2 and 3. The cluster analysis of cross profiles from the Altai area results in the classification of cross profiles as mainly U-shaped for all λ=0.5, 1, and 2.
Other case studies using this methodology are planned, with the aim to improve and to validate our approach.
Obtaining model results for valleys, for which the genesis is already well-known, would help to justify the parameter λ introduced in this paper.
